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Consider the shortest tour through n points Xi,...,Xn independently uniformly distributed
over [0, 1]2. Then we show that for some universal constant K, the number of edges of length at

1/2

least un™"/“ is at most K nexp(—u2 /K) with overwhelming probability.

Introduction

The (in)famous Traveling Salesperson Problem (TSP) requires finding the short-

est tour through n points zy,...,z, of the plane, i.e.
n—1
(1) inf([2,(n) = To)l + 3 IZ0(it1) = To@)l)
i=1
where the inf is over all the permutations o of {1,...,n}. In this paper we study the

stochastic model where the points X1,..., Xy are independent uniformly distributed
over [0,1]2. (Our methods apply with routine modifications to much more general
distributions). This model has received considerable attention.

The difficulty (and the fascination) if the TSP is the very non-constructive
definition of the shortest tour. The structure of the shortest tour is likely to depend
critically on the quantity we minimize, i.e. the sum of the lengths of the edges. It
is very much unclear what is the relationship between the shortest tour, and a tour
that would minimize, say, the sum of the squares of the lengths of the edges. There
exist tours for which the sum of the squares of the edges is bounded by a universal
constant. (See e.g. [5] for a simple proof using space-filling curves.) Thus it is natural
to ask whether the sum of the squares of the edges of the shortest tour converges to
some constant ([5]). While we do not answer this question, we will show that in a
shortest tour the edges of length > n~1/2 are exceptional. It follows in particular

that the sum of the squares of the edges of the shortest tour is, with overwhelming
probability, less than some universal constant.
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Theorem 1. There exists a constant K with the following property. Denote by N (u)

the number of edges that are >un~1/2 in a shortest tour through X1,...,Xn. Then
for all s

8

s/K
P(N(u) > 3) < (M) .

It follows in particular that the longest edge is of order at most (logn/ n)l/ 2

With probability 1, any two different tours through Xi,..., X, have different
lengths, so there is a unique shortest tour. For simplicity, we will say “edge” instead
of “edge in the unique shortest tour through Xj,..., X,,”.

For each point X;, the length of the edges through X; is at least the distance
of X, to its closest neighbor. It is a simple exercise to see that the number of
points at distance >un~1/2 of their closest neighbor is at least nexp(—u?/Kj) with
large probability where K is a universal constant. Thus actually there are at least
nexp(—u?/K1) edges of length > un~Y2. On the other hand, Theorem 1 easily
implies that with large probability there are at most Knexp(—u2/K) such edges.
Thus at a superficial level we can argue that Theorem 1 is sharp. Nonetheless we
must keep in mind that K7 < K, and thus (for example) we know about the longest
edge e, with large probability we have (say)

108 (loﬂ> v
n

1 (logn 1/2
10\ n

while it does not seem unreasonable to hope that

1/2 1/2
(1 -ep)e (1—0%) <e< (l+ep)c (loin>

for some constant ¢ and e — 0.

The proof of Theorem 1 follows the natural approach: we show that the exis-
tence of long edges forces very special configurations. We then show that these are
exceptional in the probabilistic sense. In Section 2 we prove a simple deterministic
lemma, and we bring in the Poisson point process. In Section 3 we perform the main
step, and in Section 4 we take care of the final computational details.

IA

€

IA

2. Preliminaries

We fix n, and we denote by II a Poisson point on R? of intensity n. For any
Borel set A C R2, TI(A) will consist of a set of N4 points uniformly distributed in
A, where N4 itself is a Poisson random variable with mean n|A|, where {A] is the
area of A. We denote by M(u) the number of edges > un~1/2 in the shortest tour
through the finite set F=TI([0,1]%).

Proposition 2. It suffices to prove Theorem 1 with M (u) instead of N(u).

Proof. We have
n" _, 1
P(Noap =n) = Tre " 2 5z

for some constant C. Thus
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P(N(u) > s) <C\/_P u) > s)
<Cvn (K}exp (-}‘(—2))3/}{ ~ f(s).

Consider L> K, to be determined later. Let g(s)= (—L—'—‘ exp(—u2/L))*/L. It suffices
to check that for 1<s<n, if g(s) <1, then f(s)<g(s). *We turn to the rather tedious
proof of that fact, that serves the purpose of shedding some light on the nature of a
bound of type g(s).

Supposing g(s) < 1, we have a =: (Ln/s)exp(—u?/L) < 1, and exp(—u?/K) =
( as )L/K Tl
In . 1us

=em (B2 () o) e (B ) ) e

2
Since 1 > g(s) = a¥/L > asL/K” it suffices to show that

s/K s _1\ S/K
o (") e (e ())
_ C\/ﬁ(AS)s(L/KZ—l/K) <1

where A= (KK/(L‘K)/LL/(L—K))(l/n). The function s— (As)® decreases for As<
1/e, and in particular for 8 <n, if nA <1/e. This is the case if L is large enough
(L>2K suffices). Thus, it suffices to check (1) for s=1, i.e. that

Kn \'/¥ 12+1KLK20K1/K
C\/_( L/K) [ e <

This holds as soon as C(—T/:Q-)SI, %+%——L7§O. !

We now fix an arbitrary orlentatlon of the shortest tour through F. Given z €
F=T1([0,1]2), we denote by z’ the successor of z in this shortest tour through F.
Lemma 3. For z, y€ F, we have

llz =2l + lly = ¢'ll < llz = yll + Iy’ = 2|l
Proof. Otherwise we can build a shorter tour by deleting the edges zz', yy’ and
adding the edges zy, z'y'. |

We denote by B(a,r) the disc of center a and radius r.

Lemma 4. Suppose that z1,...,2p € FNB(a,r), and that ||z} —al > 4r for i<p.
Then p<5.

Proof. Fix i, j<p. Then, by lemma 3, we have

llz; = zill + llzj — 251 < llws — 25l + ll2f ~ 5|

and thus
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llz; — all + Iz} — all — 47 < ||z} — .
Since ||z} ~al| > 4r, ||z, —al| > 4r, we have
Iz} = 25l > llzg —all, Nl ~ all
and so the angle between the lines ax;, az;- is the largest in the triangle azgxg-. Thus

this angle is > /3. This implies the result. |

Corollary 5. If card (F N B(a,r)) > 11, there exists x € F N B(a,r) such that the two
points adjacent to x in the shortest tour are in B(a,4r).
The following is rather obvious.

Proposition 6. We can find n, £ >0 with the following property. If W{a) denotes the
event

Card (IT) (B(a, nn—1/2)) > 11);

Ve, y, 2z € I(B(a, 4n~V2), |lo —yll + ly - 2| > ||« — 2|| + en~1/2,

then P(W(a))>1/2.

Proof. Observe that P(W(a)) is independent of a and n; then take 5 such that

7% > 11 and then ¢ small enough. |
The point of Proposition 6 is as follows.

Corollary 7. If W(a) occurs, and B(a,nn~Y/2)  [0,1]2, there is a point z € F N
B(a,nn~Y/2) such that bypassing this point in the shortest tour through F shortens
the tour by at least en—1/2,

Proof. By bypassing z, we mean that if ¢, z are the neighbors of z in the shortest
tour through 7, we delete the edges zy, 2z and replace them by the edge yz. If
cardHﬂB(a,nn_l/ 2) > 11, Corollary 5 guarantees that we can find z in that set for
whic}; lly~all, ||z—al| 547771‘1/2, and W (a) guarantees that ||z—y||+|y—z|—|ly—=| >
En_l 2' 1

3. Main construction

We set m=|v/n|. We divide [0,1]2 into m? congruent squares C;. Consider two
such squares Cq, Co, of centers 21, 29, and k > 1 such that ||z; — z9|| > 2k—2,-1/2
(Thus 2% <4v/2n1/2),

Propesition 8. There exists a >0 and kg, such that if k > kg, then there exists an
event Zy(C1,Ca), depending only on I1(B(z1,||22—~21]|)) with the following properties
a) P(Z;(C1,Cy)) <exp(—a2%)
b) If the shortest tour through F contains an edge xy, with € C1, y € Cy, then
Z3(C1,C9) occurs.

Proof. Consider two parameters p, ¢, independent of n, to be determined later. We
denote by Lg the line z)z5. We pick one of the sides of Ly where there will be enough
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room to perform the following construction inside [0,1]%. (That this is indeed possible
should be obvious in a moment.) For 1<i<25~P we consider the lines L; parallel

to Lo, at distance 8inn“1/ 2 of Lg, and on the side we have chosen. Consider now
the lines Hy, Ho, perpendicular to Ly, that intersect the interval z;29 respectively
at 1/3 and 2/3 of its length. Denote by a; 1 (resp. a; 9k—q) the intersection of L;

and Hy (vesp. L; and Hg). We divide the interval @i,10; 9k—q 1nto 2k=9 _ 1 equal
k—
subintervals to obtain points (a,;yg)?zlq. We observe that, provided g has been taken

large enough, the discs B(ai’g,4nn‘1/ 2) are all disjoint, and thus the events W(a;¢)
are independent. Since each has a probability >1/2 given i< 2k=P  the event

H; : “less than 257972 events Wia;p), £=1,.. ., 25" occur”

has probability <exp(—25~9=3) by standard estimates on the tails of the binomial
law. Consider the event Z;(C1,C9)= () H;. Then
i<2k~p
P(Z4(C1, Co)) < exp(—227P797%)

so that a) holds. Also, provided that p has been taken large enough, all the discs
B(aivg,flnn‘lﬂ) are contained in B(zy,[jzo—21|]). Thus Z;(Cjy,C2) depends only on
I(B(z1,llzg — 2111))-

It remains to show the following. Suppose that for 1<j 22'“‘1’ , we can find 1<
H) <) <... <217 < 25=4 such that all the events W(ai’g(j)) occur for 1<
j < 257972 Then the shortest tour through F cannot contain an edge zy for z €

C1, y € Cy. Suppose for contradiction, that this were the case. Corollary 7 shows
that each set W(ai’g(j)) contains a point x; such that bypassing that point in the

shortest tour shortens this tour by at least {n‘l/ 2. Moreover, the proof of Corollary
7 shows that no two points z; are adjacent in the shortest tour. Thus bypassing
them all results in a saving > 2k‘q‘2§n‘1/ 2, We are going to show that if p and ¢
are suitable, when we replace the edge zy by the edges zz1,T172,...,Tok—g-2¥, We
increase the length by < 2k"q‘2fn’"1/ 2. We have thus constructed a shorter tour, a
contradiction.

Denote by y; the orthogonal projection of z; on the line Ly. Using the formula
(a? -+-172)1/2 <a+b?*/(2a), we see that

~1/2\2
lzj+1 = 25 < llyj1 — gl + %ﬁ

Now

~1/2
9541 = yill 2 lag,e(s+1) = 20,0l = 2nm /

; |21 = 22| ~1/2
=3 ok 2nn .

Since ||z — 29| > 2¥"2n"1/2 we see that if ¢ has been taken large enough for some
universal constant C'y we have

lzje1 — 23l < fyjer — g5l + €127 712
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and thus
ok—a_1 2k—a_3
k—2q, —1/2
(1) 3o lzjer — 2l <1222 STy -yl
j=1 j=1

(The reader will observe the essential fact that the ¢ in the exponent of 2 has a
factor 2.) We have

lz —z1l] < 1/m+ |lz1 — =]

and
' llz1 — w1l
llzy — z1ll < o1 — il + o——
<] 2)|lz1 — il
Now
o1 — il < (8 + L)mm~1/2 < 2k=PHip,l/2
and

- 21— 2 —
lor = w1l 2 Dot = ag )~/ > B2 a2

Thus, since ||z1 — 22|| > 2k=21=1/2 for k> kg, where kg is universal, we see that for a
universal constant Cy we have
llz — 21| < ll21 = y1ll + Co2~%Pn1/2,

A similar inequality holds for ||zgk-q-2 —y||.

Since
|
v =yl +{ D Mwirn = will | + lygk-a-2 — 22l = 1z = 22l} < ll& = gl + 2/m,
i=1

we see that the sum of lengths of the edges xx1,71%9,...,Zqk—g-2¥ is less than
iz — yll + 2/m + C126~2n~1/2 4 9Cy0k~2Pp~1/2,

If we take ¢ such that C;279<274¢ and then p such that 2C527 2P <2-974¢, we see
that this is less than

Iz — yll + 2597 3¢n~1/2 4 2/m.

For k> ko, (ko universal) this is less than ||z —y||+25~9-2¢n~1/2. This completes
the proof. LE

4. Detalils

For the simplicity of computations, we denote by K a universal constant, that
may vary at each occurrence.
We denote by N(k) the number of edges in a shortest tour through F that are

of length > 2k~1p-1/2 and <2%n~1/2_ Consider a paving of the plane with squares
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of side 3-2% /m. Consider such a square G, and the square G’ of side 2k /m located in
the center of G. Consider the event H(G): “There is an edge of length > 2k—1p—1/2
and <2%n~1/2 that has an endpoint in G”.

We assume that the coordinates of the vertices of G are of the type p/m (p€Z),
so that GN[0, 1]2 and G'N|[0, 1] are union of small squares C;. A segment of length <

2kn~1/2 < 2% /m having an endpoint in G’ has the other endpoint in G. Thus we
have, with the notations of Proposition 8, that H(G) C H'(G):=UZ(C1,C3) where
the union is over all choices C; C GN[0,1]2, C2CG'N[0,1]%. It follows that

P(H'(G)) < 9- 2% exp(—a2?%) :=p

and that P(H(G')) =0 if G'N[0,1]2 = 0. The number g of squares G such that
G'N[0,1]2#0 is easily seen to be at most

2 2
m Km
(3—.27 * 1) S PE
since 2¥ < 4v/2n!/2. Since H'(G) depends only on II(G), the events H'(G) are
independent. If M is the number of events H(G) that occur, we have

P(M 2s) < (q)ps < (ﬂ)sps = (92)2

S S S

Km? :
so that P(M>2s)< ( exp(—a22k)> .
The square G’ can be covered by 210 discs of radius < 2¥=1n=1/2. Corollary 5 shows
that there can be at most 10-210 edges of length > 2k=13-1/2 in a shortest tour
through F that meet G’, and there is no such edge unless H(G) occurs. Thus, if
we denote by N'(k) the number of edges in a shortest tour through F that are of

length > 2k=1p-1/2 and < 2¥n=1/2_ and for which one endpoint is in a square G’,
we have Km?2 s
p (N'(k) >5- 2113) < ( m exp(—a22k)> .

We now note that this argument applies also when we shift the paving by a
vector of components (612k/m,522k/m) for €1, e9=0,1,—1. We thus get, since we

can assume s> 1: 9 s s
4K
i exp(—a22k)) < ( bk exp(—a22k))

P(N(k) 29-5~293) 59<K
s/K
and hence P(N(k) 2 3) < (EsE exp (—2—%)) .

2

K

We now prove Theorem 1. Given n, denote by k the largest integer such that 2k <
u. Then we have

s27¢K
(2) PM(u) 2 3) < ZP(N(k +40)> 2—2—13) < Z (ﬁ) oxp (_322k+£> .

-y T
>0 >0 %2 K



330 WANSOO T. RHEE, MICHEL TALAGRAND : ON THE LONG EDGES IN THE SHORTEST TOUR

2 274/ K
The function (%) increases for t < é Thus, for s< %_, we have (212{—1‘[) <

s/K
% . Also, since we can suppose s> 1, we have s22k+E > 592k 4 of 4 that the
left hand side of (2) is bounded by

s/K s/K
wo(%)) g ()= (e ()
—exp| —— Zexp —— | <K | —exp|——

(S ( K >0 K* K
K,KKR 22k s/K
s\ ot -

This completes the proof. 1
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